The principal result of this note is the determination of the precise radius and modulus of n-valence for the class of functions f(z)=z n +a n+ iz n+1 + ---analytic and less than or equal to M in modulus in |z| = 1. This result readily leads to the radius and modulus of n-valence for the more general class of functions f(z) = az n +a n+ iz n+l + • • • analytic and less than or equal to M in modulus in |s| = i?. Finally, we note certain approximations which rather naturally suggest themselves in a search for more easily calculable constants.
We consider only expansions about the origin of functions ƒ (z) with /(0)=0, the generalization to expansions about a of functions/(s) with f (a) =b being obvious. Each circle mentioned will be understood to have the origin (w = 0 or 3 = 0) as center. The phrases radius of n-valence and modulus of n-valence, which usually refer to a class of functions, will also be used with reference to a single function. The radius of n-valence of the function f(z) is the radius of the largest circle within which f(z) assumes no value more than n times, and assumes at least one value n times. The modulus of n-valence of f(z) is the radius of the largest circle of which the interior is covered exactly n times by the map under f(z) of | z\ <p, where p is the above radius of n-valence. Consider now one of the classes defined above. It is obvious that for each function w-f{z) of the class there is a neighborhood of 2 = 0 in which the function assumes no value more than n times, and assumes exactly n times every value in a sufficiently small neighborhood of w = 0. The radius of n-valence p w of the class is the radius of the largest circle within which no function of the class assumes a value more than n times. The modulus of n-valence m n of the class is the radius of the largest circle of which the interior is covered exactly n times by the map of | s| <p n under every function of the class. where n and M are the constants of the class. The radius p n and the modulus m n of n-valence of the class are given by
M -p n where
The case for n = 1 is completely treated in the literature. The results are due to Landau and Dieudonné.
2 The values of pi and ni\ are
The following proof for general n consists of (a) a proof that every function of the class is w-valent and covers | w| <m n exactly n times in | z\ <p n , and (b) the exhibition of a single function of the class for which p n and m n are respectively the radius and modulus of w-valence.
We employ the device which Dieudonné used to find the radius of star-shapedness in the case n = l (Montel, loc. cit., p. 94), and then apply a theorem due to S. Ozaki (1) and (2),
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By (3) and (4) Now p n < 1/ikf, for we shall see that p n is the smallest positive zero of the derivative of
and this lies between 0 and 1/ikf. But from (1) , .
Hence ƒ(z) has precisely w zeros in \z\ <r and none on the boundary |z| =r, for every rtkpn-Then:
(1) By (5), |ƒ(2)| ^m n on \z\ =p n . Thus, by Rouché's theorem, f{z) assumes exactly n times in | z\ <p n every value w with | w\ <rn n .
(
2) We have seen that dt[zf(z)/f(z)]>0
on \z\ =r<p n . Thus, by the theorem of Ozaki noted above, f(z) is w-valent in the region |z| <r for every r<p n , and hence w-valent in |z| <p n . This completes the proof of (a).
It follows from the Schwarz lemma that equality can occur in (1) for a point in 0< | z\ < 1 only if g(z) is of the form
To M -e l0 z We obtain the simplest function with e ie =*l, giving
This function is of the class considered, and has p n and m n for its radius and modulus of w-valence. For,
and it is evident that the zero of/o' (z) nearest the origin (except z = 0 itself) is precisely p n . Also
Thus these constants are respectively the radius and modulus of nvalence for this function, and hence by (a) for the class considered in the theorem. 
